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Abstract. It was proved by H. Whitney in 1933 that a Serre 
fibration of compact metric spaces admits a global section pro- 
vided every fiber is homeomorphic to the unit interval [0,1]. An 
extension of the Whitney's theorem to the case when all fibers 
are homeomorphic to some fixed compact two-dimensional mani- 
fold was proved by the authors [3]. The main result of this pa- 
per proves the existence of local sections in a Serre fibration with 
all fibers homeomorphic to some fixed compact three-dimensional 
manifold. 



1. Introduction 

The following problem is one of the central problems in geometric 
topology [H]. Let p: E — > B be a Serre fibration of separable metric 
spaces. Assume that the space B is locally n-connected and all fibers 
of p are homeomorphic to some fixed n-dimensional manifold M n . Is p 
a locally trivial fibration? 

In case n = 1 an affirmative answer to this problem follows from 
results of H. Whitney 



Conjecture (Shchepin). A Serre fibration with a locally arcwise con- 
nected metric base is locally trivial if every fiber of this fibration is 
homeomorphic to some fixed manifold M n of dimension n < 4. 

In dimension n = 1 the Shchepin's Conjecture is proved even for non- 
compact fibers [T2] • Shchepin proved that positive solution of this Con- 
jecture in dimension n implies positive solutions of both CE-problem 
and Homeomorphism Group problem in dimension n [I3J H]. Since 
C-E-problem was solved in a negative way by A.N. Dranishnikov, there 
are dimensional restrictions in Shchepin's Conjecture. 
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Under the assumption of the base B of the Serre fibration p: E — > B 
being finite dimensional the Shchepin's Conjecture is proved in dimen- 
sions n = 2 [8] and n = 3 |7J. An interesting result is obtained by 
S. Ferry proving that p is a Hurewicz fibration [6j. 

The first step toward proving the Shchepin's Conjecture in dimension 
n = 2 over infinite dimensional base is made in [TJ [3] where existence 
of local and global sections of the fibration is proved provided the base 
space is an ANR. The following theorem is the main result of this 
paper. 

Theorem 3.3. Let p: E — > B be a Serre fibration of LC 2 -compacta 
with all fibers homeomorphic to some fixed compact three-dimensional 
manifold. If B G ANR, then any section of p over closed subset A C B 
can be extended to a section of p over some neighborhood of A. 

Our strategy of constructing a section of a Serre fibration is as fol- 
lows (definitions are given in Section [2]). We consider the inverse (mul- 
tivalued) mapping p~ x and find its compact submapping admitting 
continuous approximations. Then we take very close continuous ap- 
proximation and use it to find again a compact submapping with small 
diameters of fibers admitting continuous approximations. When we 
continue this process we get a sequence of compact submappings with 
diameters of fibers tending to zero. This sequence will converge to the 
desired singlevalued submapping of p~ l (section of p). 

The major difference of the proof in this paper from the one in [3] 
comes from the fact that any open subset of Euclidean plane is aspheric 
(all homotopy groups vanish in dimensions > 2) which is far from 
being true in Euclidean 3-space. In order to apply our technique to 3- 
dimensional manifolds we introduce a new property called hereditarily 
coconnected asphericity. 

2. Preliminaries on spaces and multivalued mappings 

Let us recall some definitions and introduce our notations. All spaces 
will be separable metrizable. We equip the product X x Y with the 
metric 

dist X xY((x,y), (x',y')) = dist x {x,x') + dist Y (y,y'). 

By 0(x, e) we denote the open e-neighborhood of the point x. 

A multivalued mapping F : A — > Y is called submapping (or selec- 
tion) of multivalued mapping G : X — > Y if A is a subspace of X and 
F(x) C G(x) for every x G A. The gauge of a multivalued mapping 
F: X — > Y is defined as cal(F) = sup{diamF(x) | x G X}. The graph 
of multivalued mapping F: X — > Y is the subset T F = {(x, y) e XxY \ 
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y G F(x)} of the product X x Y. For arbitrary subset U C X x Y 
denote by U(x) the subset pr Y (U H ({x} xV)) of Y. Then for the graph 
IV we have T F {x) = F(x). 

A multivalued mapping G: X — > F is called complete if there exists a 
G^-set ScIxF containing the graph T G such that all sets {x} x Cr(x) 
are closed in S. Notice that any compact-valued mapping is complete. 
A multivalued mapping F: X — > Y is called upper semicontinuous if 
for any open set £7 C F the set {x G X | C £7} is open in X. 

A compact mapping is an upper semicontinuous multivalued mapping 
with compact images of points. 

Let Z be a space. A sequence {Z k } (finite or infinite) of subspaces 

Z C Z 1 C Z 2 C • • • C Z 

is called a filtration of Z. The number of elements of the filtration is 
called length of the filtration. Given a filtration {Zk} of Z, its sub filtra- 
tion {Z' k } is a filtration of Z such that Z' k C for every k. A sequence 
of multivalued mappings {Fk : A — > V } is called a filtration of multi- 
valued mapping F: X — > F if for any rr G A the sequence {F fc (:r)} is 
a filtration of We say that a filtration of multivalued mappings 

Gi : X — > y is compact if every mapping Gj is compact. 

A pair of spaces V C £7 is called n-aspheric if every continuous map- 
ping of the n-sphere into V is homotopic to a constant mapping in 
£7. We assume that —1-asphericity of the pair V C U means exactly 
that U is non-empty. A pair of compacta K C if' is called approxi- 
mately n-aspheric if for some embedding of if' into 7LAi?-space for any 
neighborhood U of the set K' there is a neighborhood V of the set K 
such that the pair V C £7 is n-aspheric. A compact space X is called 
approximately aspheric if the pair K C if is approximately n-aspheric 
for every n > 2. 

A pair of spaces V C £7 is called polyhedrally n-connected if for any 
finite n-dimensional polyhedron M and its closed subpolyhedron A any 
mapping of A in V can be extended to a map of M into £7. 

Definition 2.1. We say that a subset A of a space Z is coconnected\i 
the complement Z \ A is connected. 

A pair V C £7 of proper subsets of a space Z is called coconnected if 
Z \ £7 lies in one connected component of Z\V. 

Definition 2.2. We call a space Z hereditarily coconnectedly aspheric 
if any non-separating compactum K C Z is approximately aspheric. 

A space Z is said to be locally hereditarily coconnectedly aspheric if 
any point z E Z has a hereditarily coconnectedly aspheric neighbor- 
hood. 
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Remark 2.3. An important example of hereditarily coconnectedly as- 
pheric space is Euclidean 3-space [U Lemma 2.4]. Therefore, any 3- 
dimensional manifold is locally hereditarily coconnectedly aspheric. 

Now we consider different properties of pairs of spaces and define the 
corresponding local properties for spaces and multivalued maps. We 
follow definitions and notations from [5]. 

Definition 2.4. An ordering a of the subsets of a space Y is proper 
provided: 

(a) If WaV, then W C V; 

(b) If W C V, and VaR, then WaR; 

(c) If WaV, and V C R, then WaR. 

We are going to use the following proper orderings: 

(1) VaU means U is non-empty and V C U; 

(2) VaU means the pair V C U is fc-aspheric for every k < n; 

(3) VaU means the pair V C U is polyhedrally n-connected; 

(4) VaU means the pair V C U is coconnected; 

(5) VaU means V is hereditarily coconnectedly aspheric. 

Definition 2.5. Let a be a proper ordering. A space Y is locally of 
type a if, whenever y G K and V is a neighbourhood of y, then there a 
neighbourhood W of y such that WaV. 

Let us introduce terminology for spaces which are locally of type a 
for the examples of proper orderings a described above: 

(1) any space is locally of type a; 

(2) X is locally of type a means X is locally n-connected (notation: 
X e LC n ); 

(3) X is locally of type a means X is locally polyhedrally n-connected; 

(4) X is locally of type a means X is locally coconnected; 

(5) X is locally of type a means X is locally hereditarily coconnect- 
edly aspheric. 

We use the word "equi" for local properties of multivalued maps. 

Definition 2.6. Let a be a proper ordering. A multivalued mapping 
F: X — > Y is equi locally of type a if for any points xGl and y G F(x) 
and for any neighbourhood V of y in Y there exist neighbourhoods W 
of y in Y and C/ of x in X such that (W (1 F(x'))a(V (1 F(x')) provided 
x' G 17. 

Let us introduce terminology for multivalued mappings which are 
equi locally of type a for the examples of proper orderings a described 
above: 
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(1) F is equi locally of type a means F is lower semicontinuous; 

(2) F is locally of type a means F is equi locally n-connected (briefly, 
F is equi-LC™); 

(3) F is locally of type a means F is equi locally polyhedrally n- 
connected; 

(4) F is locally of type a means F is equi locally coconnected; 

(5) F is locally of type a means F is equi locally hereditarily cocon- 
nectedly aspheric. 

The following Lemma is easy to prove [31 Lemma 2.7]. 

Lemma 2.7. Any equi-LC n multivalued mapping is equi locally poly- 
hedrally n- continuous. 

Corollary 2.8. Any LC n space X is locally polyhedrally n-connected. 

Proof. Consider a multivalued mapping from the one-point space onto 
X and apply Lemma [2 .71 □ 

The following lemma is easy to prove. We will use it with different 
properties a in Section [3j 

Lemma 2.9. Let a be a proper ordering. Let F: X — > Y be a multi- 
valued mapping of compactum X to a metric space Y . Suppose that F 
is equi locally of type a and contains a compact submapping . Then 
for any e > there exists a positive number 5 such that for every point 
(x,y) G 0(1*, 5) we have (0(y,8) n F(x))a(0(y,e) H F(x)). 

A filtration {Fi} of multivalued maps is called equi locally connected 
if for any i the mapping Fi is equi locally z-connected. A filtration 
of multivalued maps {Fi} is called polyhedrally connected if every pair 
Fi-i(x) C Fi(x) is polyhedrally z-connected. A filtration of compact 
mappings {F m : X — > Y} is called approximately connected if for any 
point x & X and for any k the pair F k (x) C F k+ i(x) is approximately 
/c-aspheric. 

The following Lemma is a weak form of Compact Filtration Lemma 
from rjjL 

Lemma 2.10. Any polyhedrally connected equi locally connected finite 
filtration of complete mappings of a compact space contains a compact 
approximately connected subfiltration of the same length. 

Definition 2.11. A multivalued mapping F: X — > Y admits contin- 
uous approximations if every neighborhood of the graph Tp in X x Y 
contains a graph of some single- valued continuous map /: X — ► Y. 
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Theorem 2.12. Suppose that a compact multivalued mapping of sep- 
arable metric ANRs F: X — ► Y admits a compact approximately con- 
nected filtration of infinite length. Then for any compact space K C X 
every neighborhood of the graph T p(K) contains the graph of a single- 
valued and continuous mapping f: K — > Y . 

If a pair Go C G\ of proper subsets of a space Z is coconnected, 
then we can define an operation of G\-coconnectification on subsets of 
G as follows: for a subset F Q C Go its Gi-coconnectification is the 
union of F and all components of Z\F Q which do not intersect Z\G\. 
Clearly, the Gi-coconnectification of Fq is the minimal subset F\ C G\ 
containing Fq such that Z\F\ is connected and contains Z\G\. 

Lemma 2.13. Suppose that Z is a locally O-connected space and Go C 
Gi is a coconnected pair of proper subsets of Z . Let F be a subset of 
G . If Fq is closed in Z then the G\-coconnectification F\ of Fq is also 
closed in Z . 

Proof Suppose that {z n } is a sequence of points in F\ converging to a 
point z G Z\F\. If infinitely many points z n belong to Fq, then z G Fq 
by closedness of F . So, we assume that z n £ F for all n. Then for 
any n the points z and z n belong to different connected components of 
Z \ F . Use local O-connectedness of Z to find a path w n from z to z n 
such that the diameter of w n tends to as n — ► oo. Since each path w n 
must intersect Fq, the point z is a limit point of Fq. Contradiction. □ 

If a multivalued mapping F : X — > Y contains proper submappings 
G and G\ such that for any x G X the pair G (x) C G\(x) is co- 
connected in F(x), then for any submapping F C Go we define a 
Gi-coconnectification of F as a multivalued mapping taking a point 
x G X to the Gi (x)-coconnectification of -Fot^)- 

Lemma 2.14. Suppose that equi-LC° multivalued mapping F: X — > F 
contains proper submappings Gq C Gi suc/i i/iat Gi is compact and for 
any x G X t/ie pair G (^) C Gi(a;) zs coconnected in F(x). Then 
for any compact submapping Fq C Go its G\-coconnectification F± is a 
compact submapping of G\. 

Proof. Since the Gi(x)-coconnectification of the set F Q (x) is closed in 
F(x) by Lemma 1^.131 and is contained in Gi(x), the set F^x) is com- 
pact. 

Let us prove that F\ is upper semicontinuous. Suppose to the con- 
trary that for some point y G F(x) \ F±(x) there is a sequence 
of points converging to y such that yi belongs to a set F\(xi) \ F (xi) 
for some Xi G X. Fix a point z G F(x) \ G\(x). The points y and z 
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belong to connected set F(x) \ F\(x) which is open in F{x) and there- 
fore is locally path connected (since F(x) G LC°). Hence, there exists 
a path s: [0, 1] — » F(x) \ Fi(x) such that s(0) = y and s(l) = 0. Since 
F is lower semicontinuous and G\ is upper semicontinuous, there is a 
sequence of points {zi G \ Gi(x i )}^ :M , converging to z. 

Using equi-LC° property of the mapping F we can choose a sequence 
of maps {si: [0,1] — > F(xi)}°l M , such that Sj(0) = yi, s»(l) = Zj and 
the paths Sj converge to the path s uniformly (this follows from gen- 
eral results on continuous selections [TO], although an elementary proof 
exists which is straightforward but too technical). Since the path s 
does not intersect F (x) and F is upper semicontinuous, for all but 
finitely many i the path S{ does not intersect Fo(xi). It means that the 
points yi and Zi belong to the same connected component of the set 
F(xi) \ F (xi), which contradicts to the choices of yi and z^. □ 

Definition 2.15. The mapping /: X — > Y is said to be topologically 
regular provided that if e > and y 6 Y, then there is a positive 
number S such that dist(y, y') < 5, y' G K, implies that there is a 
homeomorphism of f~ l {y) onto f~ l {y') which moves no point as much 
as e (i.e. an e-homeomorphism) . 

Note that since the Poincare Conjecture is true, any Serre fibration 
of LC 2 -compacta with all fibers homeomorphic to some fixed compact 
three-dimensional manifold is topologically regular [7]. 

Lemma 2.16. If p: E — » B is a topologically regular mapping of 
compacta with all fibers homeomorphic to some fixed compact three- 
dimensional manifold, then the multivalued mapping p~ x : B —>■ E is 

• equi locally hereditarily coconnectedly aspheric 

• equi locally coconnected 

• equi locally polyhedrally 2-connected. 

Proof. Fix a point q G E and e > 0. We will find 5 > such that 
for any point x G p{0(q, 5)) there exist subsets D 3 and O 3 of the fiber 
p^(x) such that 

0(q, 5) n p~\x) C D 3 C O 3 C 0(q, e) n p~\x) 

where D 3 is homeomorphic to closed 3-ball and O 3 is homeomorphic 
to M. 3 . Then the first property of p^ 1 follows from the fact that O 3 
is hereditarily coconnectedly aspheric (see Remark 12. 3p . The last two 
properties follow from coconnectedness of the pair D 3 C O 3 and con- 
tractibility of D 3 respectively. 

Take a neighborhood O 3 of the point q in the fiber p~ 1 (p{q)) such 
that O 3 is homeomorphic to M 3 and is contained in 0(q,e/2). Note 
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that if h is e/2-homeomorphism of Oj?, then h(OT) is contained in 
0(q,e). Let D z be a neighborhood of q in p _1 (j9(c/)) homeomorphic 
to closed 3-ball. Take a number a > such that O(q,o~) C\ p~ 1 (p(q)) 
is contained in D^. Choose a positive number 5 < a /2 such that for 
any point x G 0(p(g),<5) there exists a/2-homeomorphism of the fiber 
P on t° Now take a point x G p(0(q, 5)) and fix <r/2- 

homeomorphism /i of the fiber p _1 (p(c/)) onto p _1 (a;). By the choice of 
cr, the set h(D^) contains 0(q,a/2) Hp^^x). Therefore, we have 

0(q, 5) n p -1 ^) C C h(O s q ) C 0(g, e) n p'^x). 

□ 

3. FlBRATIONS WITH 3-MANIFOLD FIBERS 

Lemma 3.1. Let F: X — > Y be equi locally hereditarily coconnectedly 
aspheric, equi locally coconnected, equi-LC 1 compact-valued mapping of 
ANR-space X to Banach space Y . Suppose that a compact submapping 
ty: A — > Y of F\a is defined on a compactum A C X and admits con- 
tinuous approximations. Then for any e > there exists a neighborhood 
OA of A and a compact submapping OA — > Y of F\oa such that 
r*/ C 0(T^,e), admits a compact approximately connected filtration 
of infinite length, and cal\I/' < e. 

Proof. Fix a positive number e. Apply Lemma 12.91 with a being equi 
local hereditary coconnected asphericity to get a positive number e 3 < 
e. Apply Lemma 12.91 with a being lower coconnectedness to get a 
positive number e 2 < £3/2. By Lemma 12.71 the mapping F is lower 
polyhedrally 2-continuous. Subsequently applying Lemma 12.91 with a 
being polyhedral n-continuity for n = 2, 1, 0, we find positive numbers 
Ex, £o, and 5 such that 5 < e < E\ < e 2 and for every point (x, y) G 
0(I*,5) the pair (0(y,ei) n F(x),0(y,e 2 ) H F(x)) is polyhedrally 2- 
connected, the pair (0(y, So) H F(x),0(y,Ei) D -^(x)) is polyhedrally 
1-connected, and the intersection 0(j/, eo) PI F(a;) is not empty. 

Let / : if — > Y be a continuous single- valued mapping whose graph 
is contained in 0(Ty, 5). Let /' : OK — > F be a continuous extension of 
the mapping / over some neighborhood OK such that the graph of /' 
is contained in 0(T^,S). Now we can define a polyhedrally connected 
filtration G C G\ C G 2 : OK — > F of the mapping by the 

equality 

Gi(x) = 0(/'W )£i )nF(4 

Since the set U xe aft-{{:r} x 0(f'(x), £»)} is open in the product CfC x F 
and the mapping F is complete, then Gj is also complete. Clearly, the 
set G\{x) is contained in 0(r^,2e 2 )- Now, applying Lemma [2 . 1 01 to 
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the filtration Go C G\ C G 2 , we obtain a compact approximately 
connected subfiltration F C F\ C F 2 : 0if — ■> F. By the choice of e 2 
we can find upper semicontinuous closed-valued mapping F 3 containing 
F 2 such that the pair F 2 (x) C F 3 (x) is co connected in F(x) for any 
x E X. Since the map F is compact- valued, F 3 is compact. Using 
Lemma 12.141 and the choice of £3 we find a coconnectification F4 of F 2 
inside F3. Then F4 is compact submapping of F having approximately 
aspheric point-images. Therefore, the infinite filtration Fq C Fx C 
F4 C F4 C F4 . . . is approximately connected and we can put = 
F 4 . □ 

Theorem 3.2. Let F: X —>■ Y be equi locally hereditarily coconnectedly 
aspheric, equi locally coconnected, equi-LC 1 compact-valued mapping 
of locally compact ANR-space X to Banach space Y . Suppose that a 
compact submapping ^ : A — > Y of F\a is defined on a compactum 
A C X and admits continuous approximations. Then for any e > 
there exists a neighborhood OA of A and a single-valued continuous 
selection s: OA —> Y of F\qa such that T s C 0(T^,,e). 

Proof. Fix e > 0. By Lemma 13.11 there is a neighborhood Ux of A 
in X and a compact submapping ^1: Ux — > K of F\u 1 such that 
r* 1 C 0(r*,e), admits a compact approximately connected fil- 
tration of infinite length, and cal^i < e. Since X is locally com- 
pact and A is compact, there exists a compact neighborhood OA of 
A such that OA C ZTj.- By Theorem 12.121 the mapping ^i|oa admits 
continuous approximations. Take e x < e such that the neighborhood 
U x = 0(T^(OA),ex) lies in 0(T*,e). 

Now by induction with the use of Lemma I3.1[ we construct a se- 
quence of neighborhoods Ux D U 2 D U3 D . . . of the compactum OA, 
a sequence of compact submappings : C4 — > Y}^ =1 of the mapping 
F, and a sequence of neighborhoods Uk = 0(T^ 1 {OA) ,6k) such that for 
every k > 2 we have cal^/fc < £fe_i/2 < £:/2 fc , and Uk{OA) is contained 
in Wfc_i(OA). It is not difficult to choose the neighborhood Uk of the 
graph T^ fc in such a way that for every point x G Uk the set lAk{x) has 
diameter less than Jr. 

Then for any m > k > 1 and for any point x G OA we have 
\l/ m (x) C 0(\l / fc(x), Jf); this implies the fact that the sequence of com- 
pacta {^fc(^)}fcLi is Cauchy (in Hausdorff metric). Since ^k(x) C F(x) 
for all k and every x G OA, there exists a limit s(x) G of this 

sequence (recall that F(x) is compact). The mapping s: OA —>■ Y is 
single-valued by the condition cal\I/fc < ^ and is upper semicontinuous 
(and, therefore, is continuous) by the upper semicontinuity of all the 
mappings ^k- Thus s is a selection of the mapping F. □ 
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Theorem 3.3. Let p: E — > B be a Serre fibration of LC 2 -compacta 
with all fibers homeomorphic to some fixed compact three-dimensional 
manifold. If B e ANR, then any section of p over closed subset A C B 
can be extended to a section of p over some neighborhood of A. 

Proof. Note that the Serre fibration p is topologically regular [7]. 

Let s: A —>■ E be a section of p over A. Embed E into Hilbert 
space I2 and consider a compact- valued mapping F: B — > l 2 defined as 
follows: 



It follows from Lemma 12.161 that the mapping F is equi locally heredi- 
tarily coconnectedly aspheric, equi locally coconnected, and equi- LC 1 . 
We can apply Theorem 13.21 to the mapping F and its submapping s 
to find a single- valued continuous selection s: OA — > l 2 of F\ Q a- Since 
the restriction F\a is single-valued and equal to s, we have s\a = s. 
Clearly, s defines a section of the fibration p over OA extending s. □ 
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